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Results for Wieferich Primes
N. A. Carella
Abstract: Let v ≥ 2 be a fixed integer, and let x ≥ 1 and z ≥ x be large numbers.
The exact asymptotic formula for the number of Wieferich primes p, defined by vp−1 ≡
1 mod p2, in the short interval [x, x + z] is proposed in this note. The search conducted
on the last 100 years have produced two primes p < x = 1015 such that 2p−1 ≡ 1 mod p2.
The probabilistic and theoretical information within predicts the existence of another base
v = 2 prime on the interval [1015, 1040]. Furthermore, a result for the upper bound on
the number of Wieferich primes is used to demonstrate that the subset of nonWieferich
primes has density 1.
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1 Introduction
Let p ≥ 3 denotes a prime, and let v ≥ 2 be a fixed integer base. The set of Wieferich
primes is defined by the congruence vp−1 ≡ 1 mod p2, see [48, p. 333]. These numbers are
of interest in Diophantine equations, see [56], [39, Theorem 1], algebraic number theory,
the theory of primitive roots, see [44], additive number theory, see [20], and many other
topics in mathematics.
In terms of the order of the element v ∈ (Z/p2Z)× in the finite ring, this set has the
equivalent description
Wv =
{
p : ordp2(v) | p− 1
}
. (1.1)
For a large number x ≥ 1, the corresponding counting function for the number of Wieferich
primes up to x is defined by
Wv(x) = #
{
p ≤ x : ordp2(v) | p− 1
}
. (1.2)
The heuristic argument in [48, p. 413], [8], et alii, claims that
Wv(x) ≈
∑
p≤x
1
p
≪ log log x. (1.3)
The basic idea in this heuristic was considerably improved and generalized in [26, Section
2]. The conditional analysis is based on some of the statistical properties of the Fermat
quotient. Specifically, this is a map(
Z/p2Z
)× −→ Fp,
v −→ qv(p), (1.4)
defined by
qv(p) ≡ v
p−1 − 1
p
mod p2.
Each integer v ∈ N is mapped into an infinite sequence
{xp(v) : p ≥ 2} = (qv(2), qv(3), qv(5), . . .) ∈ P(v). (1.5)
The product space P(v) = ∏p∤v Fp is the set of sequences {xp(v) = qv(p) : p ∤ v}. Evi-
dently, the subset of sequences {xp(v) = qv(p) = 0 : p ∤ v} is equivalent to Wv, and the
counting function is
Wv(x) = #{p ≤ x : p ∤ v, xp(v) ≡ 0 mod p}. (1.6)
1.1 Summary of Heuristics
A synthesis of some of the previous works, such as Artin heuristic for primitive roots, and
the heuristics arguments in [48], [8], [26], et alii, are spliced together here.
Conjecture 1.1. For any integer v ≥ 2, the subset of elements {xp(v)} ∈ P(v) for which
xp(v) = 0 has the asymptotic formula
#{p ≤ x : p ∤ v, xp(v) ≡ 0 mod p} = cv log log x+ o((log log x)(1+ε)/2), (1.7)
where ǫ > 0 is a small number, and the correction factor is defined by
cv =
∑
n≥1
∑
d|n
µ(n) gcd(dn, k)
dnϕ(dn)
,
where v = abk with a ≥ 1 squarefree; as x→∞.
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The correction factor cv ≥ 0 accounts for the dependencies among the primes. According
to the analysis in [26], for any random integer v ≥ 2, the correction factor cv = 1 with
probability one. Thus, cv 6= 1 on a subset of integers v ≥ 2 of zero density. For example,
at the odd prime powers v ≡ 1 mod 4, see Theorem 10.1 for more details.
1.2 Results In Short Intervals
The purpose of this note is to continue the investigation of the asymptotic counting func-
tions for Wieferich primes in (18.1). A deterministic analysis demonstrates that the num-
ber of Wieferich primes is very sparse, and it is infinite.
Theorem 1.1. Let v ≥ 2 be a base, and let x ≥ 1 and z ≥ x be large numbers. Then, the
number of Wieferich primes in the short interval [x, x+ z] has the asymptotic formula
Wv(x+ z)−Wv(x) = cv (log log(x+ z)− log log(x)) + Ev(x, z), (1.8)
where cv ≥ 0 is the correction factor, and Ev(x, z) is an error term.
This is equivalent to the asymptotic form
Wv(x) ∼ log log(x), (1.9)
and demonstrates that the subset of primes Wv is infinite.
Theorem 1.2. Let v ≥ 2 be a base, and let x ≥ 1 be a large number. Then, the number
of Wieferich primes on the interval [1, x] has the upper bound
Wv(x) ≤ 4v log log x. (1.10)
Sequences of integers divisible by high prime powers fall on the realm of the abc conjecture.
Thus, it is not surprising to discover that the sequence of integers sp = 2
p−1−1, prime p ≥
2, has finitely many terms divisible by p3.
Theorem 1.3. Let v ≥ 2 be a fixed integer base. Then, the subset of primes
Av =
{
p : ordp3(v) | p− 1
}
(1.11)
is finite. In particular, the congruence vp−1 − 1 ≡ 0 mod p3 has at most finitely many
primes p ≥ 2 solutions.
1.3 Average Order
The average orders of random subsetsWv has a simpler to determined asymptotic formula,
and the average correction factor cv = 1.
Theorem 1.4. Let x ≥ 1 and z ≥ x be large numbers, and let v ≥ 2 random integer.
Then, the average order of the number of Wieferiech primes has the asymptotic formula
Wv(x+ z)−Wv(x) = log log(x+ z)− log log(x) + Ev(x, z) (1.12)
where Ev(x, z) is an error term.
The asymptotic form
Wv(x) ∼ log log(x) (1.13)
is evident in this result.
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1.4 Guide
Sections 2 to 8 provide the basic foundation, and additional related results, but not re-
quired. The proofs of Theorems 1.1, 1.2, and 1.3 appear in Section 9, and the proof of
Theorem 1.4 appears in Section 11. Section 10 is concerned with the derivation of the
correction factor cv ≥ 0. Estimates for the next Wieferiech primes to bases v = 2 and
v = 5 are given in Section 17. A proof for the density of nonWieferiech primes appears in
Theorem 16.1.
These ideas and Conjecture 1.1 take the more general forms
Wn,v(x) = #
{
p ≤ x : vpn−1(p−1) − 1 ≡ 0 mod pn+1
}
(1.14)
= cn,v log log x+ o((log log x)
(1+ε)/2)
for n ≥ 1, and the subset An,v =
{
p : ordpn+2(v) | p− 1
}
is finite.
In synopsis, the sequence of integers investigated here have the followings divisibility
properties.
1. The sequence of integers 2p−1 − 1 is divisible by every prime p ≥ 2, for example,
2p−1 − 1 ≡ 0 mod p. The corresponding subset of primes has density 1, this follows
from Fermat little theorem.
2. The sequence of integers 2p−1−1 is divisible by infinitely many prime powers p2 ≥ 4,
for example, 2p−1 − 1 ≡ 0 mod p2. The corresponding subset of primes has zero
density, this follows from Theorem 1.1.
3. The sequence of integers 2p−1 − 1 is divisible by finitely many prime powers p3 ≥ 8,
for example, 2p−1 − 1 ≡ 0 mod p3. The corresponding subset of primes has zero
density, this follows from Theorem 1.3.
Other examples of interesting sequences of integers that might have similar divisi-
bility properties are the followings.
4. For fixed pair a > b > 0, as n →∞, the sequence of integers an − bn is divisible by
infinitely many primes p ≥ 2, for example,
an − bn ≡ 0 mod p. The corresponding subset of primes has nonzero density, this
follows from Zsigmondy theorem, see also [32], [7], et cetera.
5. For fixed pair a > b > 0, as n → ∞, the sequence of integers an − bn is probably
divisible by infinitely many prime powers p2, for example, an− bn ≡ 0 mod p2. This
is expected to be a subset of primes of zero density, but there is no proof in the
literature.
6. For a fixed pair a > b > 0, as n → ∞, the sequence of integers an − bn is probably
divisible by finitely many prime powers p3, for example, an − bn ≡ 0 mod p3. This
is expected to be a a subset of primes of zero density, but there is no proof in the
literature.
More general and deeper information on the prime divisors of sequences and prime power
divisors of sequences appears in [17, Chapter 6], and the references within.
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2 Basic Analytic Results
A few analytic concepts and results are discussed in this Section.
The logarithm integral is defined by
li(x) =
∫ x
2
1
log t
dt =
x
log x
+ a2
x
log2 x
+ a3
x
log3 x
+ a4
x
log4 x
+O
(
1
log5 x
)
. (2.1)
A refined version over the complex numbers appears in [37, p. 20]. The corresponding
prime couting function has the Legendre form
π(x) =
x
log x
+ a2
x
log2 x
+ a3
x
log3 x
+ a4
x
log4 x
+O
(
1
log5 x
)
, (2.2)
2.1 Sums And Products Over The Primes
Lemma 2.1. (Mertens) Let x ≥ 1 be a large number, then the followings hold.
(i) The prime harmonic sum satisfies
∑
p≤x
1
p
= log log x+ b0 +
b1
log x
+
b2
log2 x
+
b3
log3 x
+O
(
1
log5 x
)
(2.3)
where b0 > 0, b1, b2, and b3 are constants, as x→∞.
(ii) The prime harmonic product satisfies
∏
p≤x
(
1− 1
p
)
=
1
eγ log x
(
1 +O
(
1
log x
))
, (2.4)
where γ = 0.5772 . . . is a constant.
where a2 > 0, a3, and a4 are constants,
Proof. (i) Use the Legendre form of the prime number theorem in (2.2). 
More general versions for primes over arithmetic progressions appear in [35], and a general
version of the product appears in the literature.
Explicit estimates can be handled with the formulas∣∣∣∣∣∣
∑
p≤x
1
p
− log log x− b0
∣∣∣∣∣∣ <
1
10 log2 x
+
4
15 log3 x
(2.5)
for x ≥ 10400 and b0 is a constant; and
1
eγ log x
(
1− .2
log2 x
)
<
∏
p≤x
(
1− 1
p
)
<
1
eγ log x
(
1 +
.2
log2 x
)
, (2.6)
for x ≥ 2, see [49], [15].
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2.2 Totients Functions
Let n = pe11 p
e2
2 · · · pett be an arbitrary integer. The Euler totient function over the finite
ring Z/nZ is defined by ϕ(n) =
∏
p|n (1− 1/p). While the more general Carmichael totient
function over the finite ring Z/nZ is defined by
λ(n) =


ϕ(2e), n = 2e, e = 0, 1, or 2,
ϕ(2e)/2, n = 2e, e ≥ 3,
ϕ(pe), n = pe or , 2pe and e ≥ 1,
(2.7)
where p ≥ 3 is prime, and
λ(n) = lcm (λ(pe11 )λ(p
e2
2 ), . . . , λ(p
et
t )) . (2.8)
The two functions coincide, that is, ϕ(n) = λ(n) if n = 2, 4, pm, or 2pm,m ≥ 1. And
ϕ (2m) = 2λ (2m). In a few other cases, there are some simple relationships between
ϕ(n) and λ(n).
2.3 Sums Of Totients Functions Over The Integers
The Carmichael totient function has a more complex structure than the Euler totient
function, however, many inherited properties such as
λ(n) | ϕ(n), ϕ(n) = ξ(n)λ(n),
can be used to derive information about the Carmichael totient function.
Theorem 2.1. For all x ≥ 16, then the followings hold.
(i) The average order has the asymptotic formula∑
n≤x
ϕ(n) =
3
π2
x2 +O(x log x).
(ii) The normalized function has the asymptotic formula
∑
n≤x
ϕ(n)
n
=
6
π2
x+O(log x).
Theorem 2.2. ([16, Theorem 3]) For all x ≥ 16, then the followings hold.
(i) The average order has the asymptotic formula
1
x
∑
n≤x
λ(n) =
x
log x
e
B log log x
log log log x
(1+o(1))
,
where the constants are γ = 0.5772 . . . and
B = e−γ
∏
p≥2
(
1− 1
(p − 1)2(p+ 1)
)
= 0.34537 . . . .
(ii) The normalized function has the asymptotic formula
∑
n≤x
λ(n)
n
=
x
log x
e
B log log x
log log log x
(1+o(1)).
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Proof. (ii) Set U(x) =
∑
n≤x λ(n). Summation by part yields
∑
n≤x
λ(n)
n
=
∫ x
1
1
t
dU(t)
=
U(x)
x
− U(1)
1
+
∫ x
1
U(t)
t2
dt. (2.9)
Invoke case (i) to complete the claim. 
Lemma 2.2. Let x ≥ 16, and λ(n) be the Carmichael totient function. Then
∑
n≤x
ϕ(λ(n))
λ(n)
≥ k1 x
log log x
(1 + o(1)), (2.10)
where k1 > 0 is a constant.
Proof. Begin with the expression
ϕ(λ(n))
λ(n)
=
∏
p|λ(n)
(
1− 1
p
)
≥ 1
eγ
1
log log λ(n)
(
1 +O
(
1
log log λ(n)
))
(2.11)
holds for all integers n ≥ 1, with equality on a subset of integers of zero density. In light
of the lower bound and upper bound
n
(log n)a log log logn
≤ λ(n) ≤ n
(log n)b log log logn
(2.12)
for some constants a > 0 and b > 0 and large n ≥ 1, see [16, Theorem 1], proceed to
determine a lower bound for the sum:
∑
n≤x
ϕ(λ(n))
λ(n)
≥ k1
∫ x
2
1
log log t
dt
= k1
x
log log x
+ k2
∫ x
2
1
t(log t)(log log t)2
dt, (2.13)
where k1 > 0 and k2 are constants. This is sufficient to complete the claim. 
More advanced techniques for the composition of arithmetic functions are studied in [40],
[6], et cetera.
The ratio ϕ(ϕ(n))/ϕ(n) = ϕ(λ(n))/λ(n) for all integers n ≥ 1. But, the composition only
satisfy ϕ(ϕ(n)) ≥ ϕ(λ(n)), and agree on a subset of integers of zero density.
Lemma 2.3. ([42, Theorem 2]) Let x ≥ 1 be a large number. Then
#{n : ϕ(ϕ(n)) ≥ ϕ(λ(n))} ≪ x
(log log x)c
(2.14)
for any constant c > 0.
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2.4 Sums Of Totients Functions Over The Primes
The ratio ϕ(p−1)/(p−1) for all primes p ≥ 2 has an established literature. But, the ratio
λ(p−1)/(p−1) does not has any meaningful literature, its average order is estimated here
in Lemma 2.5, and a more precise version is stated in the exercises.
Lemma 2.4. ([53, Lemma 1]) Let x ≥ 1 be a large number, and let ϕ(n) be the Euler
totient
function. Then ∑
p≤x
ϕ(p− 1)
p− 1 = a0 li(x) +O
(
x
logB x
)
, (2.15)
where the constant
a0 =
∏
p≥2
(
1− 1
p(p− 1)
)
= .37399581 . . . , (2.16)
and li(x) is the logarithm integral, and B > 1 is an arbitrary constant, as x→∞.
More general versions of Lemma 2.4 are proved in [54], and [21].
Lemma 2.5. Let x ≥ 1 be a large number, and let λ(n) be the Carmichael totient function.
Then ∑
p≤x
λ(p − 1)
p− 1 ≫
x
(log x)(log log x)
. (2.17)
Proof. Begin with the expression
λ(p − 1))
p− 1 =
∏
q|λ(p−1)
(
1− 1
q
)
≫ 1
log λ(p − 1) (2.18)
holds for all integers p − 1 ≥ 1, with equality on a subset of integers of zero density. In
light of the lower bound and upper bound
n
(log n)a log log logn
≤ λ(n) ≤ n
(log n)b log log logn
(2.19)
for some constants a > 0 and b > 0 and large n ≥ 1, see [16, Theorem 1], proceed to
determine a lower bound for the sum:
∑
p≤x
λ(p − 1)
p− 1 ≫ k1
∫ x
2
1
log log t
dπ(t)
≫ x
(log x)(log log x)
. (2.20)
Confer the exercises for similar information. 
2.5 Sums Of Totients Functionsc Over Subsets Of Integers
The asymptotic formulas for the normalized summatory totient function ϕ(n)/n and ϕ(n)
over the subset of integers A = {n ≥ 1 : gcd(ϕ(n), q) = 1} are computed here. These
results are based on the counting function A(x) = {n ≤ x : n ∈ A}.
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Theorem 2.3. ([38, Theorem 2]) For a prime power q ≥ 2, and a large number x ≥ 1,
the counting function A(x) has the asymptotic foirmula∑
n≤x
gcd(ϕ(n),q)=1
1 = cq
x
log1/(q−1) x
(
1 +Oq
(
log log x
log x
))
, (2.21)
where cq > 0 is a constant.
Theorem 2.4. For large number x ≥ 1, the average order for the normalized Euler totient
function ϕ(n)/n over the subset A has the asymptotic formula∑
n≤x
gcd(ϕ(n),q)=1
ϕ(n)
n
=
6cq
π2
x
log1/(q−1) x
(
1 +Oq
(
log log x
log x
))
, (2.22)
where cq > 0 is a constant.
Proof. Let A = {n ≥ 1 : gcd(ϕ(n), q) = 1} and let A(x) = {n ≤ x : n ∈ A} be the
corresponding the counting function. Using the standard indentity ϕ(n) = n
∑
d|n µ(n)/d
the average order is expressed as∑
n≤x
gcd(ϕ(n),q)=1
ϕ(n)
n
=
∑
n≤x
gcd(ϕ(n),q)=1
∑
d|n
µ(n)
d
=
∑
d≤x
µ(n)
d
∑
n≤x
gcd(ϕ(n),q)=1
d|n
1 (2.23)
=
∑
d≤x
µ(n)
d
∑
n≤x/d
gcd(ϕ(n),q)=1
1,
where µ(n) ∈ {−1, 0, 1} is the Mobius function. Applying Theorem 2.3 leads to
∑
n≤x
gcd(ϕ(n),q)=1
ϕ(n)
n
=
∑
d≤x
µ(d)
d
(
cq
x/d
log1/(q−1) x/d
(
1 +Oq
(
log log x/d
log x/d
)))
(2.24)
= cq
x
log1/(q−1) x
(
1 +Oq
(
log log x
log x
))∑
d≤x
µ(d)
d2
,
where the implied constant absorbs a negligible dependence on d. Now, use Lemma ?? to
approximate the finite sum as∑
n≤x
µ(n)
n2
=
6
π2
+O
(
1
x log2 x
)
(2.25)
and to complete the proof. 
Theorem 2.5. For large number x ≥ 1, the average order of the Euler totient function
ϕ(n) over the subset A = {n ≥ 1 : gcd(ϕ(n), q) = 1} has the asymptotic formula∑
n≤x
gcd(ϕ(n),q)=1
ϕ(n) =
3cq
π2
x2
log1/(q−1) x
(
1 +Oq
(
log log x
log x
))
, (2.26)
where cq > 0 is a constant.
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Proof. By Theorem 2.4, the appropiate measure isW (x) =
∑
n≤x,gcd(ϕ(n),q)=1 ϕ(n)/n, and
summation by part yields
∑
n≤x
gcd(ϕ(n),q)=1
ϕ(n) =
∑
n≤x
gcd(ϕ(n),q)=1
n · ϕ(n)
n
=
∫ x
1
t dW (t)
= xW (x) +O(1)−
∫ x
1
W (t)dt (2.27)
= x
(
6cq
π2
x
log1/(q−1) x
(
1 +Oq
(
log log x
log x
)))
−
∫ x
1
W (t)dt
=
3cq
π2
x
log1/(q−1) x
(
1 +Oq
(
log log x
log x
))
.

2.6 Problems
1. Prove that the average order of the Euler totient function over the shifted primes
satisfies ∑
p≤x
ϕ(p − a)
p− a = a1 li(x) + o (li(x)) ,
li(x) is the logarithm function, and a1 > 0 is a constant depending on a ≥ 1.
2. Prove that the average order of the Carmichael totient function over the shifted
primes satisfies ∑
p≤x
λ(p − a)
p− a = b1
li(x)
log log x
+ o
(
li(x)
log log x
)
.
where b1 > 0 is a constant depending on a ≥ 1.
3. Estimate the normal order of the totient ratio ξ(n) = ϕ(n)/λ(n): For any number
ε > 0, there exists a function f(n) such that
f(n)− ε ≤ ξ(n) ≤ f(n) + ε.
4. Estimate the average order of the totient ratio ξ(n) = ϕ(n)/λ(n) over the integers
and over the shifted primes:
∑
n≤x
ξ(n) =
∑
n≤x
ϕ(n)
λ(n)
and
∑
p≤x
ξ(p− 1) =
∑
p≤x
ϕ(p − 1)
λ(p − 1) .
5. Estimate the average order of the inverse totient function over the integers and over
the shifted primes:
∑
n≤x
1
ϕ(n)
and
∑
p≤x
1
ϕ(p − 1) .
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6. Estimate the average order of the inverse lambda function over the integers and over
the shifted primes: ∑
n≤x
1
λ(n)
and
∑
p≤x
1
λ(p − 1) .
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3 Finite Cyclic Groups
Let n = pv11 p
v2
2 · · · pvtt be an arbitrary integer, and let Z/nZ be a finite ring. Some properties
of the group of units of the finite ring
(Z/nZ)× = U(pv1)× U(pv2)× · · · × U(pvt), (3.1)
where U(n) is a cyclic group of order #U(n) = ϕ(n) are investigated here.
3.1 Multiplicative Orders
Definition 3.1. The order of an element v ∈ G in a cyclic group G is defined by ordG(v) =
min{n : vn ≡ 1 mod G}, and the index is defined by indG(v) = #G/ ordG(v).
Definition 3.2. A subset of integers B ⊂ Z with respect to a fixed base v ≥ 2 if the order
and the index are nearly equal: ordn(v) ≈ indn(v) ≈
√
n for each n ∈ B.
Lemma 3.1. The order ord : G −→ N is multiplicative function on a multiplicative sub-
group G of cardinality #G = λ(n) in Z/nZ, and it has the followings properties.
(i) ordn(u · v) = ordn(u) ordn(v), if gcd(ordn(u), ordn(v)) = 1.
(ii) ordn(u
k) = ordn(u)/ gcd(k, n), for any pair of integers k, n ≥ 1.
The Carmichael function specifies the maximal order of a cyclic subgroup G of the finite
ring Z/nZ, and the maximal order λ(n) = max{m ≥ 1 : vm ≡ 1 mod n} of the elements
in a finite cyclic group G.
Definition 3.3. An integer u ∈ Z is called a primitive root mod n if the least exponent
min {m ∈ N : um ≡ 1 mod n} = λ(n).
In synopsis, primitive elements in a cyclic group have the maximal orders ordG(v) = #G,
and minimal indices indG(v) = 1.
Lemma 3.2. (Primitive root test) Let p ≥ 3 be a prime, and let a ≥ 2 be an integer such
gcd(a, p) = 1. Then,
the integer a is a primitive root if and only if
a(p−1)/q − 1 6≡ 0 mod p (3.2)
for every prime divisor q | p− 1.
Proof. This is a restricted version of the Pocklington primality test, see [9, p. 175]. 
Lemma 3.3. For any integer n ≥ 1, and the group Z/nZ, the followings hold.
(i) The group of units (Z/nZ)× has ϕ(n) units.
(ii) The number of primitive root is given by
ϕ(ϕ(n)) = ϕ(n)
∏
p|ϕ(n)
(
1− 1
pm(p)
)
, (3.3)
where m(p) ≥ 1 is the number of invariant factor associate with p.
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The Euler totient function and the more general Carmichael totient function over the finite
ring Z/nZ are seamlessly linked by the Fermat-Euler Theorem.
Lemma 3.4. (Fermat-Euler) If a ∈ Z is an integer such that gcd(a, n) = 1, then aϕ(n) ≡
1 mod n.
The improvement provides the least exponent λ(n) | ϕ(n) such that aλ(n) ≡ (1 mod n).
Lemma 3.5. ([12]) Let n ∈ N be any given integer. Then
(i) The congruence aλ(n) ≡ 1 mod n is satisfied by every integer a ≥ 1 relatively prime
to n, that is gcd(a, n) = 1.
(ii) In every congruence xλ(n) ≡ 1 mod n, a solution x = u exists which is a primitive
root mod n, and for any such solution u, there are ϕ(λ(n)) primitive roots congruent
to powers of u.
Proof. (i) The number λ(n) is a multiple of every λ (pv) = ϕ (pv) such that pv | n.
Ergo, for any relatively prime integer a ≥ 2, the system of congruences
aλ(n) ≡ 1 mod pv11 , aλ(n) ≡ 1 mod pv22 , . . . , aλ(n) ≡ 1 mod pvtt , (3.4)
where t = ω(n) is the number of prime divisors in n, is valid. 
3.2 Maximal Cyclic Subgroups
The multiplicative group (Z/nZ)× has ξ(n) = ϕ(n)/λ(n) maximal cyclic subgroups
G1 ∪G2 ∪ · · · ∪Gt = (Z/nZ)× (3.5)
of order #Gi = λ(n), and Gi ∩Gj = {1} for i 6= j with 1 ≤ i, j ≤ t = ξ(n). Each maximal
subgroup Gi has a unique subset
of ϕ(λ(n)) primitive roots. The optimal case G1 = (Z/nZ)
× for ξ(n) = 1 occurs on a
subset of integers of zero density, the next lemma is the best known result, see also Lemma
2.4.
Lemma 3.6. (Gauss) Let p ≥ 3 be a prime, and let n ≥ 1 be an integer. Then, the
multiplicative groups has the following properties.
(i) (Z/pnZ)× is cyclic of order ϕ(pn), and there exists a primitive root of the same
order.
(ii) (Z/2pnZ)× is cyclic of order ϕ(2pn), and there exists a primitive root of the same
order.
Proof. The proof and additional information appear in [3, Theorem 10.7], and [46, Theo-
rem 2.6]. 
Extensive details on this topic appear in [10].
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4 Characteristic Functions
The indicator function or characteristic function Ψ : G −→ {0, 1} of some distinguished
subsets of elements are not difficult to construct. Many equivalent representations of the
characteristic function Ψ of the elements are possible.
4.1 Characteristic Functions Modulo Prime Powers
The standard method for constructing characteristic function for primitive elements are
discussed in [46, Corollary 3.5], [33, p. 258], and some characteristic functions for finite
rings are discussed in [24]. These type of characteristic functions detect the orders of the
elements v ∈ (Z/p2Z)× by means of the divisors of ϕ(p2) = #G. A new method for con-
structing characteristic functions for certain elements in cyclic groups is developed here.
These type of characteristic functions detect the orders of the elements v ∈ (Z/p2Z)×
by means of the solutions of the equation τpn − v ≡ 0 mod p2, where v, τ are constants,
and n is a variable such that 1 ≤ n < p − 1, and gcd(n, p − 1) = 1. The formula
ϕ(n) =
∏
p|n(1− 1/p) denotes the Euler totient function.
Lemma 4.1. Let p ≥ 3 be a prime, and let τ be a primitive root modp2. Let v ∈(
Z/p2Z
)×
be a nonzero element. Then
Ψv(p
2) =
∑
1≤n<p−1
gcd(n,p−1)=1
1
ϕ(p2)
∑
0≤m<ϕ(p2)
e
i2pi(τpn−v)m
ϕ(p2) =
{
1 if ordp2(v) = p− 1,
0 if ordp2(v) 6= p− 1. (4.1)
Proof. Let τ ∈ (Z/p2Z)× be a fixed primitive root of order p(p − 1) = ϕ(p2). As the
index n ≥ 1 ranges over the integers relatively prime to p−1, the element τpn ∈ (Z/p2Z)×
ranges over the elements of order ordp2(τ
pn) = p− 1. Hence, the equation
τpn − v = 0 (4.2)
has a solution if and only if the fixed element
(
Z/p2Z
)×
is an elements of order ordp2(v) =
p− 1. Setting w = ei2pi(τpn−v)/ϕ(p2) and summing the inner sum yield∑
gcd(n,p−1)=1
1
ϕ(p2)
∑
0≤m<ϕ(p2)
wm =
{
1 if ordp2(v) = p− 1,
0 if ordp2(v) 6= p− 1. (4.3)
This follows from the geometric series identity
∑
0≤m≤x−1w
m = (wx − 1)/(w − 1), w 6= 1
applied to the inner sum. 
The characteristic function for any element v ≥ 2 of order ordp2(v) = d | p−1 in the cyclic
group
(
Z/p2Z
)×
is a sum of characteristic functions.
Lemma 4.2. Let Let v ≥ 2 be a fixed base, let p ≥ 3 be a prime, and let τ be a primitive
root mod p2. The indicator function for the subset of primes such that vp−1−1 ≡ 0 mod p2
is given by
Ψ0(p
2) =
∑
d|p−1
∑
1≤n<p−1
gcd(n,(p−1)/d)=1
1
ϕ(p2)
∑
0≤m<ϕ(p2)
e
i2pi(τdpn−v)m
ϕ(p2) (4.4)
=
{
1 if ordp2(v) | p− 1,
0 if ordp2(v) ∤ p− 1.
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Proof. Suppose that ordp2(v) = p − 1. Then, there is a unique pair d | p − 1 and n ≥ 1
with gcd(n, (p− 1)/d) = 1 such that τdpn− v ≡ 0 mod p2. Otherwise, τdpn− v 6≡ 0 mod p2
for all pairs d | p− 1 and gcd(n, (p− 1)/d) = 1. Proceed as in the proof of Lemma 4.1. 
Lemma 4.3. Let p ≥ 3 be a prime, and let τ be a primitive root modpk. Let v ∈(
Z/pkZ
)×
be a nonzero element. Then
Ψv(p
k) =
∑
1≤n<p−1
gcd(n,p−1)=1
1
ϕ(pk)
∑
0≤m<ϕ(pk)
e
i2pi(τp
k−1n
−v)m
ϕ(pk) =
{
1 if ordpk(v) = p− 1,
0 if ordpk(v) 6= p− 1.
(4.5)
Proof. Modify the proof of Lemma 4.1 to fit the finite ring Z/pkZ. 
4.2 Characteristic Functions Modulo n
The indicator function for primitive root in a maximal cyclic group G ⊂ Z/nZ is simpler
than the indicator function for primitive root in Z/nZ, which is a sum of indicator functions
for its maximal cyclic groups G1, G2, . . . , Ge, with e ≥ 1.
Lemma 4.4. Let n ≥ 3 be an integer, and let τ ∈ G be a primitive root modn in a
maximal cyclic subgroup G ⊂ (Z/nZ)×. If v 6= ±u2 is an integer, then
Ψv(G) =
∑
1≤m<λ(n)
gcd(m,λ(n))=1
1
ϕ(n)
∑
0≤r<ϕ(n)
e
i2pi(τm−v)r
ϕ(n) =
{
1 if ordn(v) = λ(n),
0 if ordn(v) 6= λ(n). (4.6)
Proof. Let τ ∈ G be a fixed primitive root of order λ(n), see Lemma 3.6. As the index
m ≥ 1 ranges over the integers relatively prime to λ(n), the element τm ∈ G ranges over
the elements of order ordn(τ
m) = λ(n). Hence, the equation
τm − v = 0 (4.7)
has a solution if and only if the fixed element v ∈ G is an element of order ordn(v) = λ(n).
Next, let w = ei2pi(τ
m−v)/ϕ(n). Summing the inner sum yields
∑
gcd(m,λ(n))=1
1
ϕ(n)
∑
0≤r<ϕ(n)
e
i2pi(τm−v)r
ϕ(n) =
{
1 if ordn(v) = λ(n),
0 if ordn(v) 6= λ(n). (4.8)
This follows from the geometric series identity
∑
0≤n≤x−1w
n = (wx − 1)/(w − 1), w 6= 1
applied to the inner sum. 
Lemma 4.5. Let n ≥ 3 be an integer, and let ξ(n) = ϕ(n)/λ(n). Let τi ∈ Gi be a primitive
root modn in a maximal cyclic subgroup Gi ⊂ (Z/nZ)×. If v 6= ±u2 is an integer, then
Ψ1(n) =
∑
1≤i≤ξ(n)
∑
1≤m<λ(n)
gcd(m,λ(n))=1
1
ϕ(n)
∑
0≤r<ϕ(n)
e
i2pi(τmi −v)r
ϕ(n) =
{
1 if ordn(v) = λ(n),
0 if ordn(v) 6= λ(n).
(4.9)
Proof. This is a sum of ξ(n) ≥ 1 copies of the indicator function proved in Lemma 4.4. 
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The last one considered is the indicator function for elements of order ordn2(v) | λ(n) in
Z/n2Z. This amounts to a double sum of indicator functions for its maximal cyclic groups
G1, G2, . . . , Ge, with e ≥ 1.
Lemma 4.6. Let n ≥ 3 be an integer, and let ξ(n) = ϕ(n)/λ(n). Let τi ∈ Gi be a
primitive root modn in a maximal cyclic
subgroup Gi ⊂
(
Z/n2Z
)×
. If v 6= ±u2 is an integer, then
Ψ0(n
2) =
∑
1≤i≤ξ(n)
∑
d|λ(n)
∑
1≤m<λ(n)
gcd(m,λ(n)/d)=1
1
ϕ(n2)
∑
0≤r<ϕ(n2)
e
i2pi(τdmi −v)r
ϕ(n2)
=
{
1 if ordn2(v) | λ(n),
0 if ordn2(v) ∤ λ(n).
(4.10)
Proof. For each divisor d | λ(n), this is a sum of ξ(n) ≥ 1 copies of the indicator function
proved in Lemma 4.4. 
4.3 Problems
1. Let p ≥ 3 be a prime. Show that the characteristic function of quadratic nonresidue
in the finite ring
(
Z/p2Z
)×
is
Ψv2(p
2) =
∑
1≤n<ϕ(p2)
gcd(2,n)=1
1
ϕ(p2)
∑
0≤m<ϕ(p2)
e
i2pi(τ
p(p−1)
2 n−v)m
ϕ(p2) =
{
1 if ordp2(v) = 2,
0 if ordp2(v) 6= 2.
2. Let p = 3a + 1 ≥ 7 be a prime. Show that the characteristic function of cubic
nonresidue in the finite ring
(
Z/p2Z
)×
is
Ψv3(p
2) =
∑
1≤n<ϕ(p2)
gcd(3,n)=1
1
ϕ(p2)
∑
0≤m<ϕ(p2)
e
i2pi(τ
p(p−1)
3 n−v)m
ϕ(p2) =
{
1 if ordp2(v) = 3,
0 if ordp2(v) 6= 3.
5 Equivalent Exponential Sums
For any fixed 0 6= s ∈ Z/p2Z, an asymptotic relation for the exponetial sums∑
gcd(n,ϕ(p2))=1
ei2pisτ
n/ϕ(p2) and
∑
gcd(n,ϕ(p2))=1
ei2piτ
n/ϕ(p2), (5.1)
is provided in Lemma 5.1. This result expresses the first exponential sum in (5.1) as a sum
of simpler exponential sum and an error term. The proof is based on Lagrange resolvent
in the finite ring Z/p2Z. Specifically,
(ωt, ζsτ ) = ζs + ω−tζsτ + ω−2tζsτ
2
+ · · ·+ ω−(p−2)tζsτϕ(p
2)−1
, (5.2)
where ω = ei2pi/p, ζ = ei2pi/ϕ(p
2), and the variables 0 6= s ∈ Z/p2Z, and 0 6= t ∈ Z/pZ.
Lemma 5.1. Let p ≥ 2 be a large prime. If τ be a primitive root modulo p2, then,∑
gcd(n,(p−1)/d)=1
ei2pisτ
ndp/ϕ(p2) =
∑
gcd(n,(p−1)/d)=1
ei2piτ
ndp/ϕ(p2) +O(p1/2 log3 p), (5.3)
for any fixed d | p− 1, and 0 6= s ∈ Z/p2Z.
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Proof. Summing (5.2) times ωtn over the variable t ∈ Z/pZ yields, (all the nontrivial
complex pth root of unity),
p · ei2pisτndp/ϕ(p2) =
∑
0≤t≤p−1
(ωt, ζsτ
ndp
)ωtn. (5.4)
Summing (5.4) over the variable n ≥ 1, for which gcd(n, (p− 1)/d) = 1, yields
p ·
∑
gcd(n,(p−1)/d)=1
ei2pisτ
ndp/ϕ(p2) =
∑
gcd(n,(p−1)/d)=1,
∑
0≤t≤p−1
(ωt, ζsτ
dp
)ωtn (5.5)
=
∑
1≤t≤p−1
(ωt, ζsτ
dp
)
∑
gcd(n,(p−1)/d)=1
ωtn − p.
The first index t = 0 contributes p, see [36, Equation (5)] for similar calculations. Likewise,
the basic exponential sum for s = 1 can be written as
p ·
∑
gcd(n,(p−1)/d)=1
ei2piτ
ndp/ϕ(p2) =
∑
1≤t≤p−1
(ωt, ζτ
dp
)
∑
gcd(n,(p−1)/d)=1
ωtn − p, (5.6)
Differencing (5.5) and (5.6) produces
S1 = p ·

 ∑
gcd(n,(p−1)/d)=1
ei2pisτ
ndp/ϕ(p2) −
∑
gcd(n,(p−1)/d)=1
ei2piτ
ndp/ϕ(p2)


=
∑
1≤t≤p−1
(
(ωt, ζsτ
dp
)− (ωt, ζτdp)
) ∑
gcd(n,(p−1)/d)=1
ωtn. (5.7)
The right side sum S1 can be rewritten as
S1 =
∑
1≤t≤p−1
(
(ωt, ζsτ
ndp
)− (ωt, ζτndp)
) ∑
gcd(n,(p−1)/d)=1
ωtn (5.8)
=
∑
1≤t≤p−1
(
(ωt, ζsτ
ndp
)− (ωt, ζτndp)
) ∑
e≤(p−1)/d
µ(e)
ωet − ωet(p−1d +1)
1− ωet
=
∑
1≤t≤p−1,
∑
e≤(p−1)/d
(
(ωt, ζsτ
ndp
)− (ωt, ζτndp)
)
µ(e)
ωet − ωet(p−1d +1)
1− ωet .
The second line follows from Lemma 5.2-i. The upper bound
|S1| ≤
∑
1≤t≤p−1,
∑
e≤(p−1)/d
∣∣∣∣∣
(
(ωt, ζsτ
ndp
)− (ωt, ζτndp)
)
µ(e)
ωet − ωet(p−1d +1)
1− ωet
∣∣∣∣∣
≤
∑
1≤t≤p−1,
∑
e≤(p−1)/d
∣∣∣(ωt, ζsτndp)− (ωt, ζτndp)∣∣∣
∣∣∣∣∣µ(e)ω
et − ωet(p−1d +1)
1− ωet
∣∣∣∣∣
≤
∑
1≤t≤p−1,
∑
e≤(p−1)/d
(
2p1/2 log p
)
·
∣∣∣∣∣µ(e)ω
et − ωet(p−1d +1)
1− ωet
∣∣∣∣∣
≤
∑
1≤t≤p−1
(
2p1/2 log p
)
·
(
2p log p
πt
)
≤
(
4p3/2 log2 p
) ∑
1≤t≤p−1
1
t
(5.9)
≤ 8p3/2 log3 p.
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The third line follows the upper bound for Lagrange resolvents, and the fourth line follows
from Lemma 5.2-ii. Here, the difference of two Lagrange resolvents, (Gauss sums), has
the upper bound
∣∣∣(ωt, ζsτdp)− (ωt, ζτdp)∣∣∣ ≤ 2
∣∣∣∣∣∣
∑
1≤t≤p−1
χ(t)ei2pit/p
∣∣∣∣∣∣ ≤ 2p1/2 log p, (5.10)
where |χ(t)| = 1 is a root of unity. Taking absolute value in (5.7) and using (5.9) and (??)
return
p ·
∣∣∣∣∣∣
∑
gcd(n,(p−1)/d)=1
ei2pisτ
n/p −
∑
gcd(n,(p−1)/d)=1
ei2piτ
ndp/p
∣∣∣∣∣∣ ≤ |S1| (5.11)
≤ 8p3/2 log3 p.
The last inequality implies the claim. 
Lemma 5.2. Let p ≥ 2 be a large prime, and let ω = ei2pi/p be a pth root of unity. Then,
(i) ∑
gcd(n,(p−1)/d)=1
ωtn =
∑
e≤(p−1)/d
µ(e)
ωet − ωet(p−1d +1)
1− ωet ,
(ii) ∣∣∣∣∣∣
∑
gcd(n,(p−1)/d)=1
ωtn
∣∣∣∣∣∣ ≤
2p log p
πt
,
where µ(k) is the Mobius function, for any fixed pair d | p− 1 and t ∈ [1, p − 1].
Proof. (i) Use the inclusion exclusion principle to rewrite the exponential sum as∑
gcd(n,(p−1)/d)=1
ωtn =
∑
n≤(p−1)/d
ωtn
∑
e|(p−1)/d
e|n
µ(e)
=
∑
e≤(p−1)/d
µ(e)
∑
n≤(p−1)/d
e|n
ωtn
=
∑
e≤(p−1)/d
µ(e)
∑
m≤(p−1)/de
ωetm (5.12)
=
∑
e≤(p−1)/d
µ(e)
ωet − ωet(p−1d +1)
1− ωet .
(ii) Observe that the parameters ω = ei2pi/p, the integers t ∈ [1, p − 1], and e ≤ (p − 1)/d
imply that πet/p 6= kπ with k ∈ Z, so the sine function sin(πet/p) 6= 0 is well defined.
Using standard manipulations, and z/2 ≤ sin(z) < z for 0 < |z| < π/2, the last expression
becomes ∣∣∣∣∣ω
et − ωet(p−1d +1)
1− ωet
∣∣∣∣∣ ≤
∣∣∣∣ 2sin(πet/p)
∣∣∣∣ ≤ 2pπet (5.13)
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for 1 ≤ d ≤ p− 1. Finally, the upper bound is∣∣∣∣∣∣
∑
e≤(p−1)/d
µ(e)
ωet − ωet(p−1d +1)
1− ωet
∣∣∣∣∣∣ ≤
2p
πt
∑
e≤(p−1)/d
1
e
(5.14)
≤ 2p log p
πt
.

6 Upper Bound For The Main Term
An estimate for the finite sum occuring in the evaluation of the main term is considered
in this section.
Lemma 6.1. Let x ≥ 1 be a large number, and let ϕ(n) be the Euler totient function.
Then ∑
p≤x
1
ϕ(p2)
∑
d|p−1,
∑
gcd(n,(p−1)/d)=1
1 ≤ 2 log log x. (6.1)
Proof. Use the identity
∑
d|n ϕ(d) = n to eliminate the inner double sum in the following
way: ∑
d|p−1,
∑
gcd(n,(p−1)/d)=1
1 =
∑
d|p−1
ϕ((p − 1)/d) = p− 1. (6.2)
Substituting this returns
∑
p≤x
1
ϕ(p2)
∑
d|p−1,
∑
gcd(n,(p−1)/d)=1
1 =
∑
p≤x
1
ϕ(p2)
· (p− 1) =
∑
p≤x
1
p
. (6.3)
Lastly, apply Mertens theorem to the prime harmonic sum. 
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7 Evaluations Of The Main Terms
Various types of finite sums occurring in the evaluations of the main terms of various
results are considered in this section.
7.1 Sums Over The Primes
Lemma 7.1. Let x ≥ 1 be a large number, and let ϕ(n) be the Euler totient function.
Then
(i)
∑
p≤x
1
ϕ(p2)
∑
d|p−1,
∑
gcd(n,(p−1)/d)=1
1 = log log x+ b0 +O
(
1
log x
)
,
where b0 > 0 is a constant.
(ii)
∑
p≤x
1
ϕ(p2)
∑
gcd(n,p−1)=1
1 = a0 log log x+ a1 +O
(
1
log x
)
,
where a0 > 0 and a1 are constants.
Proof. (i) Use the identity
∑
d|n ϕ(d) = n to eliminate the inner double sum in the following
way: ∑
d|p−1,
∑
gcd(n,(p−1)/d)=1
1 =
∑
d|p−1
ϕ((p − 1)/d) = p− 1. (7.1)
Substituting this returns∑
p≤x
1
ϕ(p2)
∑
d|p−1,
∑
gcd(n,(p−1)/d)=1
1 =
∑
p≤x
1
ϕ(p2)
· (p− 1) =
∑
p≤x
1
p
. (7.2)
Lastly, apply Lemma 2.1 to the prime harmonic sum. (ii) The proof of this case is similar,
but it uses Lemma 2.4. 
7.2 Sums Over The Bases
The other form of the main term deals with the summation over the bases v ≥ 2.
Lemma 7.2. Let x ≥ 1 be a large number, and let ϕ(n) be the Euler totient function.
Then
(i)
∑
v≤x
1
ϕ(p2)
∑
d|n,
∑
gcd(n,(p−1)/d)=1
1 =
1
p
x+O
(
1
p
)
.
(ii)
∑
v≤x
1
ϕ(p2)
∑
gcd(n,p−1)=1
1 =
ϕ(p− 1)
ϕ(p2)
x+O
(
1
p
)
.
Proof. (i) Use the identity
∑
d|n ϕ(d) = n to eliminate the inner double sum:∑
d|p−1,
∑
gcd(n,(p−1)/d)=1
1 =
∑
d|p−1
ϕ((p − 1)/d) = p− 1. (7.3)
Substituting this returns∑
v≤x
1
ϕ(p2)
∑
d|p−1,
∑
gcd(n,p−1)=1
1 =
∑
v≤x
1
p
=
1
p
(x− {x}). (7.4)
Lastly, take the identity [x] = x− {x}, where {x} is the fractional function, to complete
the proof. (ii) The proof of this case is similar. 
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7.3 Sums Over The Bases And Primes
Lemma 7.3. Let x ≥ 1 be a large number, and let ϕ(n) be the Euler totient function.
Then
(i)
1
x
∑
v≤x,
∑
p≤x
∑
d|p−1,
1
ϕ(p2)
∑
gcd(n,(p−1)/d)=1
1 = log log x+ b0 +O
(
1
log x
)
.
(ii)
1
x
∑
v≤x,
∑
p≤x
1
ϕ(p2)
∑
gcd(n,p−1)=1
1 = a0 log log x+ a1 +O
(
1
log x
)
,
where a0 > 0, a1 and b0 > 0 are constants.
Proof. (i) Using the identity
∑
d|p−1 ϕ(d) = p − 1 is used to eliminate the inner double
sum yield
1
x
∑
v≤x,
∑
p≤x
1
ϕ(p2)
∑
d|p−1,
∑
gcd(n,(p−1)/d)=1
1 =
1
x
∑
p≤x,
∑
v≤x
1
ϕ(p2)
∑
d|p−1,
∑
gcd(n,(p−1)/d)=1
1
=
1
x
∑
p≤x,
∑
v≤x
p− 1
ϕ(p2)
=
1
x
∑
p≤x
(
x
p
+O
(
1
p
))
. (7.5)
Applying Lemma 2.1 yields
∑
p≤x
1
p
+O

1
x
∑
p≤x
1

 = log log x+ b0 +O
(
1
log x
)
, (7.6)
where b0 > 0 is a constant. (ii) The proof of this case is similar, but it uses Lemma 2.4. 
7.4 Sums Over The Integers
Lemma 7.4. Let x ≥ 1 be a large number, and let ϕ(n) be the Euler totient function.
Then
(i)
∑
n≤x,
∑
1≤i≤ξ(n),
1
ϕ(n2)
∑
d|λ(n),
∑
gcd(n,λ(n)/d)=1
1 = log x+ γ +O
(
1
x
)
,
where γ > 0 is Euler constant.
(ii)
∑
n≤x,
∑
1≤i≤ξ(n)
1
ϕ(n2)
∑
gcd(n,λ(n))=1
1≫ log x
log log x
.
Proof. (i) Use the identity
∑
d|n ϕ(d) = n to eliminate the inner double sum in the following
way: ∑
d|λ(n),
∑
gcd(n,λ(n)/d)=1
1 =
∑
d|λ(n)
ϕ(λ(n)/d) = λ(n). (7.7)
Substituting this, and using the identities ϕ(n2) = nϕ(n), and ϕ(n) = ξ(n)λ(n) return
∑
n≤x
∑
1≤i≤ξ(n)
1
ϕ(n2)
· λ(n) =
∑
p≤x
1
ϕ(n2)
· ξ(n)λ(n) =
∑
n≤x
1
n
. (7.8)
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Lastly, apply the usual formula to the harmonic sum. (ii) The proof of this case is similar:
∑
n≤x,
∑
1≤i≤ξ(n)
1
ϕ(n2)
∑
gcd(n,λ(n))=1
=
∑
n≤x
∑
1≤i≤ξ(n)
1
ϕ(n2)
· ϕ(λ(n))
=
∑
n≤x
ξ(n)
nϕ(n)
· ϕ(λ(n))
=
∑
n≤x
1
n
· ϕ(λ(n))
λ(n)
(7.9)
=
∑
n≤x
1
n
∏
p|λ(n)
(
1− 1
p
)
≫
∑
n≤x
1
n
1
log log n
≫ log x
log log x
,
but it has no simple exact form. 
7.5 Problems
1. Determine an exact asymptotic formula for
∑
n≤x,
∑
1≤i≤ξ(n)
1
ϕ(n2)
∑
gcd(n,λ(n))=1
1 = c0
log x
log log x
(
1 +O
(
1
(log log x)2
))
,
where c0 > 0 is a constant.
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8 Estimates For The Error Terms
Upper bounds for the error terms occurring in the proofs of several results as Theorem
1.1 to Theorem 1.4 are determined here.
8.1 Error Terms In Long Intervals
The estimates for the long interval [1, x] computed here are weak, but sufficient in many
applications.
Lemma 8.1. Let x ≥ 1 be large number. Let p ≥ 2 be a large prime, and let τ ∈ (Z/p2Z)×
be a primitive root mod p2. If the element v ≥ 2 and gcd(v, ϕ(p2)) = w, then,
(i)
∑
p≤x,
∑
d|p−1,
∑
gcd(n,(p−1)/d)=1
1
ϕ(p2)
∑
1≤m<ϕ(p2)
e
i2pi(τpdn−v)m
ϕ(p2) ≤ 2v log log x,
(ii)
∑
p≤x,
∑
gcd(n,p−1)=1
1
ϕ(p2)
∑
1≤m<ϕ(p2)
e
i2pi(τpdn−v)m
ϕ(p2) ≤ 2v log log x,
where w ≤ v, for all sufficiently large numbers x ≥ 1.
Proof. (i) Rearrange the inner triple finite sum in the form
E(x) =
∑
p≤x
∑
d|p−1,
∑
gcd(n,(p−1)/d)=1
1
ϕ(p2)
∑
1≤m<ϕ(p2)
e
i2pi(τdpn−v)m
ϕ(p2) (8.1)
=
∑
p≤x
1
ϕ(p2)
∑
0<m<ϕ(p2)
e
−i2pi vm
ϕ(p2)
∑
d|p−1,
∑
gcd(n,(p−1)/d)=1
e
i2pimτ
dpn
ϕ(p2)
=
∑
p≤x
1
ϕ(p2)
∑
0<m<ϕ(p2)
e
−i2pi vm
ϕ(p2)
∑
d|p−1

 ∑
gcd(n,(p−1)/d)=1
e
i2pi τ
dpn
ϕ(p2) +O
(
p1/2 log3 p
)
=
∑
p≤x
1
ϕ(p2)

 ∑
0<m<ϕ(p2)
e
−i2pi vm
ϕ(p2)
∑
d|p−1,
∑
gcd(n,(p−1)/d)=1
e
i2pi τ
dpn
ϕ(p2)


+O

∑
p≤x
1
ϕ(p2)
∑
0<m<ϕ(p2)
e
−i2pi vm
ϕ(p2)
∑
d|p−1
p1/2 log3 p


= T1 + T2. (8.2)
The third line in (8.1) follows from Lemma 5.1. To complete the estimate, apply Lemma
8.2 and Lemma 8.3 to the terms T1 and T2 respectively. The proof of statement (ii) is
similar. 
Lemma 8.2. For any fixed integer v ≥ 2, and a large number x ≥ 1,∣∣∣∣∣∣
∑
p≤x
1
ϕ(p2)
∑
0<m<ϕ(p2)
e
−i2pi vm
ϕ(p2)
∑
d|p−1,
∑
gcd(n,(p−1)/d)=1
e
i2pi τ
dpn
ϕ(p2)
∣∣∣∣∣∣ ≤ v log log x. (8.3)
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Proof. Trivially
∣∣∣ei2piτdpn/ϕ(p2)∣∣∣ = 1, so the double inner inner sum reduces to
∑
d|p−1,
∑
gcd(n,(p−1)/d)=1
1 = p− 1. (8.4)
Plugging this trivial value returns
|T1| ≤
∣∣∣∣∣∣
∑
p≤x
p− 1
ϕ(p2)
∑
0<m<ϕ(p2)
e
−i2pi vm
ϕ(p2)
∣∣∣∣∣∣
≤ w
∑
p≤x
p− 1
ϕ(p2)
(8.5)
= w
∑
p≤x
1
p
= w log log x,
where where ϕ(p2) = p(p− 1), the parameter gcd(v, p(p − 1)) = w ≤ v, and∣∣∣∣∣∣
∑
0<m<ϕ(p2)
e
−i2pi vm
ϕ(p2)
∣∣∣∣∣∣ = w (8.6)
is an exact evaluation. 
Lemma 8.3. For any small number ε > 0, a fixed integer v ≥ 2, and a large number
x ≥ 1, ∣∣∣∣∣∣
∑
p≤x
1
ϕ(p2)
∑
0<m<ϕ(p2)
e
−i2pi vm
ϕ(p2)
∑
d|p−1
p1/2 log3 p
∣∣∣∣∣∣ ≤ . (8.7)
Proof. The asymptotic estimate
∑
d|p−1 = O(p
ε) is the maximal number of divisors. Thus,
|T2| ≤
∣∣∣∣∣∣
∑
p≤x
p1/2+ε log3 p
ϕ(p2)
∑
0<m<ϕ(p2)
e
−i2pi vm
ϕ(p2)
∣∣∣∣∣∣
≤
∑
p≤x
p1/2+ε log3 p
ϕ(p2)
(8.8)
≤
∑
p≤x
1
p
= log log x,
where ϕ(p2) = p(p− 1), and ∑0<m<ϕ(p2) e−i2pivm/ϕ(p2) = −1. 
Lemma 8.4. Let x ≥ 1 be large number. Let p ≥ 2 be a large prime, and let τ ∈ (Z/pkZ)×
be a primitive root mod p2. If the element v ≥ 2 and gcd(v, ϕ(pk)) = w, then,
(i)
∑
p≤x,
∑
d|p−1,
∑
gcd(n,(p−1)/d)=1
1
ϕ(pk)
∑
1≤m<ϕ(pk)
e
i2pi(τp
k−1dn
−v)m
ϕ(pk) = O (log log x) ,
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(ii) and
∑
p≤x,
∑
gcd(n,p−1)=1
1
ϕ(pk)
∑
1≤m<ϕ(pk)
e
i2pi(τp
k−1dn
−v)m
ϕ(pk) = O (log log x) ,
for all sufficiently large numbers x ≥ 1.
Proof. Generalize the proof of Lemma 8.1 to fit the finite ring Z/pkZ. 
8.2 Error Terms In Short Intervals
This calculations show that the error terms for short intervals [x, x + z], with z = O(x)
are nontrivials, and easy to determine using elementary method. But fail for very large
intervals [x, xD], with D > 1.
Lemma 8.5. Let x ≥ 1 and z ≥ 1 be large numbers. Let p ≥ 2 be a large prime, and let
τ ∈ (Z/p2Z)× be a primitive root mod p2. If the element v ≥ 2 and gcd(v, ϕ(p2)) = w,
then,
(i)
∑
x≤p≤x+z,
∑
d|p−1,
∑
gcd(n,(p−1)/d)=1
1
ϕ(p2)
∑
1≤m<ϕ(p2)
e
i2pi(τdpn−v)m
ϕ(p2) = O
(
z1/2
x1/2 log x
)
,
(ii) and
∑
x≤p≤x+z,
∑
gcd(n,p−1)=1
1
ϕ(p2)
∑
1≤m<ϕ(p2)
e
i2pi(τdpn−v)m
ϕ(p2) = O
(
z1/2
x1/2 log x
)
for all sufficiently large numbers x ≥ 1.
Proof. (i) Use the value ϕ(p2) = p(p − 1) to rearrange the triple finite sum in the form
∑
x≤p≤x+z,
∑
d|p−1,
∑
gcd(n,(p−1)/d)=1
1
ϕ(p2)
∑
1≤m<ϕ(p2)
e
i2pi(τdpn−v)m
ϕ(p2) (8.9)
=
∑
x≤p≤x+z,

1
p
∑
0<m<ϕ(p2)
e
−i2pivm
ϕ(p2)



 1
p− 1
∑
d|p−1,
∑
gcd(n,(p−1)/d)=1
e
i2piτdpnm
ϕ(p2)

 .
Let
Ap =
1
p
∑
0<m<ϕ(p2)
e−i2pivm/ϕ(p
2) (8.10)
and
Bp =
1
p− 1
∑
d|p−1,
∑
gcd(n,(p−1)/d)=1
ei2pimτ
dpn/ϕ(p2). (8.11)
Utilize the prime number theorem π(x) = x/ log x+O(x/ log2 x) for x ≥ 1, and the exact
value of finite sum
∑
0<m<ϕ(p2) e
−i2pivm/ϕ(p2) = −w whenever gcd(v, p(p − 1)) = w, to
estimate the first sum as
∑
x≤p≤x+z,
|Ap|2 =
∑
p≤x
∣∣∣∣∣∣
1
p
∑
0<m<ϕ(p2)
e−i2pivm/ϕ(p
2)
∣∣∣∣∣∣
2
=
∑
x≤p≤x+z,
w
p2
(8.12)
= w
∫ x+z
x
1
t2
dπ(t)
= O
(
1
x log x
)
,
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where w ≤ v is a fixed number. Similarly, use the upper bound π(x+z)−π(x) ≤ 2z/ log x
for x ≥ 1, and z ≥ x3/4; and∑d|p−1 ϕ(p−1) = p−1 for p ≥ 3, to obtain a trivial estimate
for the second sum as
∑
x≤p≤x+z,
|Bp|2 =
∑
x≤p≤x+z,
∣∣∣∣∣∣
1
p− 1
∑
d|p−1,
∑
gcd(n,(p−1)/d)=1
ei2pimτ
dpn/ϕ(p2)
∣∣∣∣∣∣
2
≤
∑
x≤p≤x+z,
∣∣∣∣∣∣
1
p− 1
∑
d|p−1
ϕ((p − 1)/d)
∣∣∣∣∣∣
2
(8.13)
=
∑
x≤p≤x+z,
1
≤ 2z
log x
.
Now apply the Cauchy inequality
∣∣∣∣∣∣
∑
x≤p≤x+z,
Ap · Bp
∣∣∣∣∣∣ ≤

 ∑
x≤p≤x+z,
|Ap|2


1/2
·

 ∑
x≤p≤x+z,
|Bp|2


1/2
≪
(
1
x log x
)1/2
·
(
2z
log x
)1/2
(8.14)
≪ z
1/2
x1/2 log x
.
(ii) The proof of this case is similar. 
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9 Counting Function For The Wieferich Primes
The subset of primes W2 =
{
p : ordp2(2) | p− 1
}
= {1093, 3511, . . . , } associated with the
base v = 2 is the best known case. But, many other bases have been computed too, see
[13], [28].
9.1 Proof Of Theorem 1.1
Proof. (Theorem 1.1) Let x ≥ 1 be a large number, and fix an integer v ≥ 2. Consider
the sum of the characteristic function for the fixed element v of order ordp2(v) | p− 1 over
the primes in the short interval [x, x+ z]. Then
Wv(x+ z)−Wv(x) =
∑
x≤p≤x+z
Ψv(p
2). (9.1)
Replacing the characteristic function, see Lemma 4.2, and expanding the difference equa-
tion (9.1) yield
∑
x≤p≤x+z
Ψv(p
2) =
∑
x≤p≤x+z,
∑
d|p−1,
∑
gcd(n,(p−1)/d)=1
1
ϕ(p2)
∑
0≤m<ϕ(p2)
e
i2pi(τpn−v)m
ϕ(p2)
=
∑
x≤p≤x+z
1
ϕ(p2)
∑
d|p−1,
∑
gcd(n,(p−1)/d)=1
1 (9.2)
+
∑
x≤p≤x+z,
∑
d|p−1,
∑
gcd(n,(p−1)/d)=1
1
ϕ(p2)
∑
1≤m<ϕ(p2)
e
i2pi(τpn−v)m
ϕ(p2)
= Mv(x, z) + Ev(x, z).
The main term Mv(x, z) is determined by the index m = 0, and the error term Ev(x, z)
is determined by the range 1 ≤ m < ϕ(p2). Applying Lemma 7.1 to the main term and
applying Lemma 8.5 to the error term yield
Mv(x, z) + Ev(x, z) (9.3)
= cv (log log(x+ z)− log log(x)) +O
(
1
log x
)
+O
(
z1/2
x1/2 log x
)
,
Next, assuming that z = O(x) it reduces to
Wv(x+ z)−Wv(x) = cv (log log(x+ z)− log log(x)) +O
(
1
log x
)
, (9.4)
where cv ≥ 0 is the density constant. 
The specific constant cv ≥ 0 for a given fixed base v ≥ 2 is a problem in algebraic number
theory, see Theorem 10.1 for some details.
9.2 Proof Of Theorem 1.2
Proof. (Theorem 1.2) Let x ≥ 1 be a large number, and fix an integer v ≥ 2. The sum of
the characteristic function for the fixed element v of order ordp2(v) | p− 1 over the primes
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in the interval [1, x] is written as
Wv(x) =
∑
p≤x
Ψ0(p
2). (9.5)
Replacing the characteristic function, see Lemma 4.2, and expanding yield
∑
p≤x
Ψv(p
2) =
∑
p≤x,
∑
d|p−1,
∑
gcd(n,(p−1)/d)=1
1
ϕ(p2)
∑
0≤m<ϕ(p2)
e
i2pi(τpn−v)m
ϕ(p2)
=
∑
p≤x
1
ϕ(p2)
∑
d|p−1,
∑
gcd(n,(p−1)/d)=1
1 (9.6)
+
∑
x≤p≤x+z,
∑
d|p−1,
∑
gcd(n,(p−1)/d)=1
1
ϕ(p2)
∑
1≤m<ϕ(p2)
e
i2pi(τpn−v)m
ϕ(p2)
= Mv(x) + Ev(x).
The main term Mv(x) is determined by the index m = 0, and the error term Ev(x) is
determined by the range 1 ≤ m < ϕ(p2). Applying Lemma 7.1 to the main term and
applying Lemma 8.1 to the error term yield
Wv(x) = Mv(x) + Ev(x)
≤ 2 log log(x) + 2v log log x
≤ 4v log log x.
This verifies the upper bound. 
9.3 Wieferich Constants
An appropiate upper bound of a primes counting problem immediately provides informa-
tion on the convergence of the infinite series
∑
p≥2 1/p. The best known case is the Brun
constant
B =
∑
twin primes p,p+2
1
p
=
1
3
+
1
5
+
1
7
+ · · · ≈ 1.902160583104 . . . , (9.7)
see [50, p. 9]. A conjecture claims that 1.90216054 < B < 1.90216063, see [25, p. 215].
However, the arithmetic properties, such as rationality and irrationality, of B remains
hopelessly unresolved. Similar problems arise fnrthe sequences of Wieferiech primes.
Corollary 9.1. Let v ≥ 2 be a small fixed integer. Then,
∑
p≥2
vp−1−1≡0 mod p2
1
p
<∞. (9.8)
In particular,
(i)
∑
p≥2
2p−1−1≡0 mod p2
1
p
=
1
1093
+
1
3511
+
8c log log(1015)
1015
< 0.00119974,
for some small constant c > 0.
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(ii)
∑
p≥2
3p−1−1≡0 mod p2
1
p
=
1
11
+
1
1006003
+
12c log log(1014)
1014
< 0.0909102,
for some small constant c > 0.
Proof. (i) For base v = 2, and using the numerical data in [13], the series is written a sum
of two simpler subsums, and each subsums is evaluated or estimated:
∑
p≥2
2p−1−1≡0 mod p2
1
p
=
∑
p≤1015
2p−1−1≡0 mod p2
1
p
+
∑
p>1015
2p−1−1≡0 mod p2
1
p
=
1
1093
+
1
3511
+
∑
p>1015
2p−1−1≡0 mod p2
1
p
(9.9)
=
1
1093
+
1
3511
+
∫ ∞
1015
1
t
dW2(t),
where W2(t) ≤ 8 log log t. 
9.4 Proof Of Theorem 1.3
Some numerical data has been compiled for this case in [41] and [28]. For examples,
4222 − 1 ≡ 0 mod 233, and 68112 − 1 ≡ 0 mod 1133, for the ranges v < 100, and p < 232.
But, these are very rare.
Proof. (Theorem 1.3) Let x ≥ 1 be a large number, and fix a small integer v ≥ 2. Let
k = 3 in Lemmas 4.3, and
4.2, to obtain a characteristic function to fit the finite ring Z/p3Z. Summing the charac-
teristic function for the fixed element v of
order ordp2(v) | p− 1 over the primes in the interval [1, x] yields
∑
p≤x
Ψ0(p
3) =
∑
p≤x,
∑
d|p−1,
∑
gcd(n,(p−1)/d)=1
1
ϕ(p3)
∑
0≤m<ϕ(p3)
e
i2pi(τdp
2n
−v)m
ϕ(p3) . (9.10)
Break the quadruple sum into a main term and an error term. The main term Mv(x) is
determined by the index m = 0, and the error term is determined by the range 1 ≤ m <
ϕ(p3), that is
∑
p≤x,
∑
d|p−1,
∑
gcd(n,(p−1)/d)=1
1
ϕ(p3)
∑
0≤m<ϕ(p3)
e
i2pi(τdp
2n
−v)m
ϕ(p3)
=
∑
p≤x
1
ϕ(p3)
∑
d|p−1,
∑
gcd(n,(p−1)/d)=1
1 (9.11)
+
∑
p≤x
1
ϕ(p3)
∑
d|p−1,
∑
gcd(n,(p−1)/d)=1
∑
1≤m<ϕ(p3)
e
i2pi(τdp
2n
−v)m
ϕ(p3) .
results for wieferich primes 31
Use the identity
∑
d|n ϕ(d) = n and ϕ(p
2) = p(p−1) to verify that the main term is finite:
∑
p≤x
1
ϕ(p3)
∑
d|p−1,
∑
gcd(n,(p−1)/d)=1
1 =
∑
p≤x
1
ϕ(p3)
· (p− 1)
=
∑
p≤x
1
p2
(9.12)
= O(1).
Similarly, to verify that the error term is finite, use the value
∑
1≤m<ϕ(p3) e
i2pivm/ϕ(p3) =
−w whenever gcd(v, p2(p− 1)) = w , and the trivial estimate for the double inner sum:
∑
p≤x
1
ϕ(p3)
∣∣∣∣∣∣
∑
d|p−1,
∑
gcd(n,(p−1)/d)=1,
∑
1≤m<ϕ(p3)
e
i2pi(τdp
2n
−v)m
ϕ(p3)
∣∣∣∣∣∣
≤
∑
p≤x
1
ϕ(p3)
∣∣∣∣∣∣
∑
1≤m<ϕ(p3)
e
−i2pivm
ϕ(p3)
∣∣∣∣∣∣
∣∣∣∣∣∣
∑
d|p−1,
∑
gcd(n,(p−1)/d)=1
e
i2piτdp
2nm
ϕ(p3)
∣∣∣∣∣∣
≤
∑
p≤x
1
ϕ(p3)
· w · (p− 1)
≤ 2w
∑
p≤x
1
p2
(9.13)
= O(1),
where w ≤ v is a small fixed number. Therefore∑
p≤x
Ψ0(p
3) = O(1), (9.14)
and this implies that the number of primes such that vp−1 − 1 ≡ 0 mod p3 is finite. 
9.5 Problems
1. Modify the characterisitc function in Lemma 4.3, suitable for Z/pn+3Z, to prove that
the subset of primes A(v) = {p : vpn(p−1) − 1 ≡ 0 mod pn+3} is finite, n ≥ 0.
2. A Wieferich prime pairs p and q satisfies the reciprocity condition
pq−1 − 1 ≡ 0 mod q2 and qp−1 − 1 ≡ 0 mod q2.
Many pairs of these primes are known, for example,
(p, q) = (83, 4871; (2903, 18787); (911, 318917) ≤ 106
are known, see [39], and [28, p. 935]. Prove that there are infinitely many, and give
an estimate of its counting function.
3. Let v ≥ 2 be a small fixed integer. Apply the abc conjecture to show that the subset
of primes {p : vp−1 − 1 ≡ 0 mod p3} is finite.
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4. Let p > 3 be a prime. Use the Wilson result (p − 1)! ≡ −1 mod p to prove the
Wolstenhome lemma, [47, p. 94]:
1 +
1
2
+
1
2
+ · · ·+ 1
p− 1 ≡ 0 mod p
2.
5. Let n > 9 be an integer. Use Gauss generalization K(n) =
∏
gcd(k,n)=1 k ≡ ±1 mod n
of the Wilson result (p − 1)! ≡ −1 mod p to prove:
1 +
1
a1
+
1
a2
+ · · ·+ 1
aϕ(n)
≡ 0 mod n2,
where gcd(ak, n) = 1, if and only if K(n) = −1.
6. Let Bk ∈ Q be the k-th Bernoulli number, and let p ≥ 3 be a prime. Generalize the
power sum congruence ∑
1≤m≤p
mk ≡ pBk mod p,
see [31], to composite integers p = n ≥ 1.
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10 Correction Factors
About a quarter century ago the Lehmers discovered a discrepancy in the theory of primi-
tive roots. This discovery led to the concept of correction factors, see [52] for the historical
and technical details. This topic has evolved into a full fledged area of algebraic number
theory, see [34], [45, Chapter 2], [4], [5], etc.
The correction factors cv ≥ 0 accounts for the dependencies among the primes in Conjec-
ture 1.1 and Theorem 1.1. According to the analysis in [26, Section 2], for any random
integer v ≥ 2, the corresponding correction factor associated to a random subset Wv of
Wieferich primes has the value cv = 1 with probability one. Thus, the nonunity correction
factors cv 6= 1 occur on a subset of integers v ≥ 2 zero density. For example, at the odd
prime powers v = qk ≡ 1 mod 4. A more precise expression for the value of the correction
factors is given below.
Theorem 10.1. Let v = abk with a ≥ 2 squarefree. Then
cv =
∑
n≥1
∑
d|n
µ(n) gcd(dn, k)
dnϕ(dn)
, (10.1)
where Kr = Q
(
ζr, v
1/r
)
is a number field extension, ζr is a primitive rth root of unity.
Proof. Let r = nd with d | n− 1, and let [Kr : Q] be the index of the finite extension. The
splitting field of the pure
equation xp(p−1)/d − v = 0 is the rth-cyclotomic numbers field Kr. By the Frobenius
density theorem, [23, p. 134], (or the Chebotarev density theorem), the proportion of
primes that split completely is 1/[Knd : Q]. Therefore, the proportion of primes that do
not split completely is
1− 1
[Knd : Q] . (10.2)
In light of this information, the inclusion-exclusion principle leads to
cv =
∑
n≥1
∑
d|n
µ(n)
[Knd : Q] . (10.3)
Furthermore, for v = abk with a ≥ 2 squarefree, the index has the following form
[Kr : Q] =
{
rϕ(r)
2 gcd(k,r) if r | 2a, and a ≡ 1 mod 4,
rϕ(r)
gcd(k,r) otherwise,
(10.4)
see [22, p. 214], [2, p. 5]. 
This technique explicates the fluctuations in the numbers of primes with respect to the
bases v ≥ 2, see [13, Section 4.1] for a discussion. The best known case is v = 5. In this
case, the dependency between two primes 2 and 5 is captured in the index calculation for
r = 10. Here, the number field extension index fails to be multiplicative:
20 = [K10 : Q] 6= [K2 : Q] · [Q(ζ5) : Q] = 10 (10.5)
In this case ±√5 = ζ5 + ζ−15 − ζ25 − ζ−25 so ±
√
5 ∈ Q(ζ5), see [45, p. 13], [2, Chapter 2],
[52, Section 3],
results for wieferich primes 34
10.1 Problems
1. Show that the ring of integers OK of the numbers field Q( n
√
2) is not Z[ n
√
2] for
n = 1093 and 3511. Hint: show that it contains half integers (1 + n
√
2)/2.
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11 Average Order Of A Random Subset Of Wieferich Primes
Quite often, the calculation of average density of an intractable primes distribution prob-
lems is the first line approach to solving the individual primes distribution problem, see
[53], [4], [30], et cetera.
Proof. (Theorem 1.4) Let x ≥ 1 be a large number, and let v ≥ 2 be a random integer.
The average number of Wieferich primes in base v over the interval [x, x+ z] is given by
1
x
∑
v≤x
(Wv(x+ z)−Wv(x)) = 1
x
∑
v≤x,
∑
x≤p≤x+z
Ψ0(v). (11.1)
Replacing the characteristic function, Lemma 4.2, and expanding the difference equation
(11.1) yield
1
x
∑
v≤x,
∑
x≤p≤x+z
Ψ0(v) =
1
x
∑
v≤x,
∑
x≤p≤x+z
∑
d|p−1,
∑
gcd(n,(p−1)/d)=1
1
ϕ(p2)
∑
0≤m<ϕ(p2)
e
i2pi(τpn−v)m
ϕ(p2)
=
1
x
∑
v≤x
∑
x≤p≤x+z
1
ϕ(p2)
∑
d|p−1,
∑
gcd(n,(p−1)/d)=1
1 (11.2)
+
1
x
∑
v≤x,
∑
x≤p≤x+z
∑
d|p−1,
∑
gcd(n,(p−1)/d)=1
1
ϕ(p2)
∑
1≤m<ϕ(p2)
e
i2pi(τpn−v)m
ϕ(p2)
= M0(x, z) + E0(x, z).
The main term M0(x, z) is determined by the index m = 0, and the error term E0(x, z)
is determined by the range 1 ≤ m < ϕ(p2). Applying Lemma 7.1 to the main term and
applying Lemma 8.5 to the error term yield
1
x
∑
v≤x
(Wv(x+ z)−Wv(x)) = M0(x, z) + E0(x, z) (11.3)
= log log(x+ z)− log log(x) +O
(
1
log x
)
+O
(
z1/2
x1/2 log x
)
.
Next, assuming that z = O(x) it reduces to
1
x
∑
v≤x
(Wv(x+ z)−Wv(x)) = log log(x+ z)− log log(x) +O
(
1
log x
)
. (11.4)

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12 Balanced Subsets
The balanced index indp2(v) = p occurs whenever the base v ≥ 2 has balanced order
ordp2(v) = p− 1.
The balanced subset is
Bv =
{
p ≤ x : ordp2(v) = p− 1
}
.
For a large number x ≥ 1, the corresponding counting function for the number of Wieferich
primes up to x with respect to a base of balanced order is defined by
Bv(x) = #
{
p ≤ x : ordp2(v) = p− 1
}
.
Theorem 12.1. Let v ≥ 2 be a base, and let x ≥ 1 and z ≥ x be large numbers. Then,
the number of Wieferich primes p such that ordp2(v) = p− 1 in the short inteval [x, x+ z]
has the asymptotic formula
Bv(x+ z)−Bv(x) = cv (log log(x+ z)− log log(x)) + Ev(x, z), (12.1)
where cv ≥ 0 is the correction factor, and Ev(x) is an error term.
Proof. Let x ≥ 1 be a large number, and fix an integer v ≥ 2. Consider the sum of the
characteristic function for the fixed element v of order ordp2(v) = p− 1 over the primes in
the short interval [x, x+ z]. Then
Bv(x+ z)−Bv(x) =
∑
x≤p≤x+z
Ψ(v). (12.2)
Replacing the characteristic function, Lemma 4.1, and expanding the existence equation
(12.2) yield
∑
x≤p≤x+z
Ψ(v) =
∑
x≤p≤x+z,
∑
gcd(n,p−1)=1
1
ϕ(p2)
∑
0≤m<ϕ(p2)
e
i2pi(τpn−v)m
ϕ(p2) (12.3)
=
∑
x≤p≤x+z
1
ϕ(p2)
∑
gcd(n,p−1)=1
1
+
∑
x≤p≤x+z,
∑
gcd(n,p−1)=1
1
ϕ(p2)
∑
1≤m<ϕ(p2)
e
i2pi(τpn−v)m
ϕ(p2)
= Mv(x, z) + Ev(x, z).
The main term Mv(x, z) is determined by the index m = 0, and the error term Ev(x, z)
is determined by the range 1 ≤ m < ϕ(p2). Applying Lemma 7.2 to the main term and
applying Lemma 8.1 to the error term yield∑
x≤p≤x+z
Ψ(v) = Mv(x, z) + Ev(x, z)
= cv (log log(x+ z)− log log x) +O
(
1
log x
)
+O
(
z
x log x
)
,
Next, assuming that z = O(x) it reduces to
Bv(x+ z)−Bv(x) = cv (log log(x+ z)− log log x) +O
(
1
log x
)
, (12.4)
where cv ≥ 0 is the density constant. 
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The average constant is a0 = .37399581 . . . , see (2.16). The specific constant cv ≥ 0 for
a given fixed base v ≥ 2 is a problem in algebraic number theory explicated in the next
section.
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13 Data For Next Primes
The numerical data demonstrates that the number of primes p ≤ x = 4×1015 with respect
to a fixed base v ≥ 2 is a small quantity and vary from 0 to about 6. Some estimates for
the intervals that contain the next Wieferich primes with respect to several fixed bases
are sketched in this section.
13.1 Calculations For The Subset W2
It have taken about a century to determine the number of base v = 2 primes up to
x = 1015. The numerical data demonstrate that the subset is just
W2 =
{
p : ordp2(2) | p− 1
}
= {1093, 3511, . . . , } (13.1)
see [13]. To estimate the size of an interval [1015, 10D] with D > 15, that contains the next
Wieferich prime, assume that the correction factor c2 > 0 of the set of Wieferich primes
W2 is the same as the average density c0 = 1 of a random set of Wieferich primes
Wv =
{
p : ordp2(v) = p− 1
}
. (13.2)
Specifically, c2 = c0 = 1. Let x = 10
15 and let x + z = 1015w. By assumption, and
Theorem 1.2, it follows that
1 ≤ c2 (log log(x+ z)− log log x) + E(x, z)
= c0 (log log(x+ z)− log log x) + E(x, z) (13.3)
= log
log 1015w
log 1015
+ E(x, z),
where E(x, z) is an error term. Therefore, it is expected that the next Wieferich prime
p > 1015 is in the interval [x = 1015, x+ z = 1040].
13.2 Calculations For The Subset W5
The numerical data for the number of primes up to x = 1015 with respect to base v = 5
demonstrates that the subset
W5 = {2, 20771, 40487, 53471161, 1645333507, 6692367337, 188748146801, . . .}, (13.4)
where each prime satisfies 5p−1 − 1 ≡ 0 mod p2, see [13], contains about twice as many
primes as the numerical data for many other subsets W2,W3,W4,W6,W7, et cetera. A
larger than average correction factor c5 > 1, and many other bases v explicates this dis-
parity, see Theorem 10.1.
To estimate the size of an interval [1015, 10D ] with D > 15, that contains the next base
v = 5 Wieferich prime, assume that the density constant c5 > 1 of the set of Wieferich
primes
W5 =
{
p : ordp2(5) | p− 1
}
(13.5)
is the same as the average density c0 = 1 of a random set of Wieferich primes
Wv =
{
p : ordp2(v) = p− 1
}
. (13.6)
results for wieferich primes 39
Specifically, c5 > c0 = 1. Let x = 10
15 and let x + z = 1015w. By assumption, and
Theorem 1.2, it follows that
1 ≤ c5 (log log(x+ z)− log log(x)) +O
(
1
log x
)
= c5 (log log(x+ z)− log log(x)) +O
(
1
log x
)
(13.7)
= c5 log
log 1015w
log 1015
+O
(
1
log x
)
.
Therefore, it is expected that the next Wieferich prime p > 1015 is in the interval
[x = 1015, x+ z = 1040].
13.3 Calculations For The Balanced Subset
The previous estimate assume that the order of the base ordp2(2) | p − 1 can vary as the
prime p varies. In contrast, if the order of the base remains exactly ordp2(2) = p−1 as the
prime p varies, then the estimated interval is significantly larger as demonstrated below.
The subset of balanced primes in base v = 2 is
B2 =
{
p : ordp2(2) = p− 1
}
(13.8)
and its density is the same as the average density a0 = .37399581 . . . of a random set of
Wieferich primes
Wv =
{
p : ordp2(v) | p− 1
}
. (13.9)
Specifically, c2 = a0. Let x = 10
15 and let x + z = x15w. By assumption, and Theorem
1.2, it follows that
1 ≤ c2 (log log(x+ z)− log log x) +O
(
1
log x
)
= a0 (log log(x+ z)− log log x) +O
(
1
log x
)
(13.10)
= .37399581 log
log 1015w
log 1015
+O
(
1
log x
)
.
Therefore, it is expected that the next Wieferich prime p > 1015, for which the order
ordp2(2) = p− 1 and its index is indp2(2) = p, is in the interval [x = 1015, x+ z = 10218].
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14 Least Primitive Root In Finite Rings
The primitive roots v ≥ 2 in residues finite rings modulo p rarely fail to be a primitive
roots in residues finite rings modulo p2.
Definition 14.1. A primitive root v = v(p) modulo p is called nilpotent if the congruence
vp−1 − 1 ≡ 0 mod p2 holds. The subset of primes such that v is nilpotent is denoted by
Nv = {p : ordp(v) = p− 1 and ordp2(v) = p− 1}.
Definition 14.2. The least primitive root modulo a prime p ≥ 3 is denoted by g = g(p) ≥
2 and least primitive root modulo a prime p2 is denoted by h = h(p) ≥ 2.
The occurrence of nilpotent primitive roots v = v(p) are very common. A sample is
provided in the table.
v(p) p v(p) p
3 1006003 7 5
5 40487 10 487
6 66161 11 71
However, the occurrence fo nilpotent and least primitive roots simultaneously, are rarer.
A complete list of the known cases is provided in the table.
Nilpotent v(p) Least g(p) Least h(p2) Modulo p or p2
5 5 7 40487
5 5 7 6692367337
The computational data for all the primes p ≤ 1015 are compiled in [28, p. 929] and [44],
[13], et alii.
Lemma 14.1. If g ≥ 2 is a primitive root modulo a prime p ≥ 3. Then, either g or its
inverse g is a primitive
root modulo pk for every k ≥ 1.
The existence of nilpotent primitive roots, which causes the sporadic divisibility of the
integers gp−1 − 1 by prime powers p2, has an interesting effect on the distribution of
primitive roots in the cyclic groups
(
Z/pkZ
)×
with k ≥ 1, and the noncyclic groups
(Z/nZ)× with n ≥ 1 is an arbitrary integer. The precise criterion for cyclic groups is
specified below.
Lemma 14.2. A primitive root g ≥ 2 modulo p ≥ 3 is primitive root g ≥ 2 modulo pk for
all k ≥ 1 if and only if gp−1 − 1 6≡ 0 mod p2.
Theorem 14.1. Let x ≥ 1 be a large number. Then
(i) The number of primes such that g(p) ≥ 2 is a primitive root modulo p, but g(p2) ≥
g(p) + 1 is infinite.
(ii) The counting function has the asymptotic formula
#{p ≤ x : g(p) and g(p2) ≥ g(p) + 1} ∼ a0 log log x, (14.1)
where a0 = .37399581 . . ..
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Proof. Without loss in generality, let v = 2, and let τ be a primitive root modulo p2.
Suppose that the integer v = 2 is a primitive root modulo p, but not modulo p2. Then,
the equation
τpn − 2 = 0 (14.2)
has a solution in prime p ≥ 2, and n ≥ 1 such that gcd(n, p − 1) = 1 if and only if
2p−1 − 1 6≡ 0 mod p and 2p−1 − 1 ≡ 0 mod p2. Constructing a indicator function, see
Lemma 4.1, and sum it over the primes lead to∑
p≤x
Ψv(p
2). (14.3)
Expanding the indicator function in (14.3) yield
∑
p≤x
Ψv(p
2) =
∑
p≤x,
∑
gcd(n,p−1)=1
1
ϕ(p2)
∑
0≤m<ϕ(p2)
e
i2pi(τpn−v)m
ϕ(p2) (14.4)
=
∑
p≤x
1
ϕ(p2)
∑
gcd(n,p−1)=1
1
+
∑
p≤x,
∑
gcd(n,p−1)=1
1
ϕ(p2)
∑
1≤m<ϕ(p2)
e
i2pi(τpn−v)m
ϕ(p2)
= Mv(x) + Ev(x).
The main term Mv(x) is determined by the index m = 0, and the error term Ev(x) is
determined by the range 1 ≤ m < ϕ(p2). Applying Lemma 7.2 to the main term and
applying Lemma 8.1 to the error term yield
Mv(x) + Ev(x) = cv log log x+O
(
1
log x
)
+O
(
(log log x)1−ε
)
= cv log log x+O
(
(log log x)1−ε
)
, (14.5)
where ε > 0 is a small number, and cv ≥ 0 is the density constant. 
Lemma 14.3. If g is a primitive root modulo p, then g +mp is a primitive root modulo
p2 for all m ∈ [0, p − 1] but one exceptional value.
Proof. [46, Theorem 2.5] 
15 The Order Series
∑
n≥2 1/n ordn(v)
The Romanoff problem is concerned with the evaluation of the series
∑
n≥2 1/(n ord(2)).
This seris occurs in the calculation of the density of the binary additive problem n = p+2k.
Much more general versions of this series are used in similar additive problems.
15.1 Order Series Over The Integers
Theorem 15.1. ( [43]) Let fv(n) = ordn(v). Then
(i) If ε > 0 is an arbitrary small number, then there is an absolute constant c2 for which,
∑
n≥2
1
nfv(n)ε
≤ eγ (log log v + ε−1 + c2) . (15.1)
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(ii) If ε > 0 is an arbitrary small number, let x ≥ 2, and let v = 1+lcm[1, 2, . . . , x], then
∑
n≥2
1
nfv(n)ε
≥ eγ log log v +O (log log log v) . (15.2)
15.2 Order Series Over Subsets Of Integers
Let q ≥ 2 be a prime power, and let v ≥ be a fixed integer. The asymptotic formulas for
the restrictions to relatively primes subsets of integers A = {n ≥ 1 : gcd(ordn(v), q) = 1}
are considered in this section. These results are based on the counting function A(x) =
{n ≤ x : n ∈ A}.
Theorem 15.2. ([38, Theorem 4]) For a prime power q ≥ 2, and a large number x ≥ 1,
the counting function A(x) has the asymptotic foirmula
∑
n≤x
gcd(ordn(v),q)=1
1 = a(q, v)
x
logc(q,v) x
(
1 +Oq
(
(log log x)5
(log x)c(q,v)+1
))
, (15.3)
where a(q, v) > 0 and c(q, v) > 0 are constants.
Theorem 15.3. For any prime power q ≥ 2, and fixed integer let v ≥, the order series
converges: ∑
n≤x
gcd(ordn(v),q)=1
1
n ordn(v)
<∞. (15.4)
Proof. Let A = {n ≥ 1 : gcd(ordn(v), q) = 1} and let A(x) = {n ≤ x : n ∈ A} be the
corresponding the counting function. The series has an integral representation as
∑
n≤x
gcd(ordn(v),q)=1
1
n ordn(v)
=
∫ ∞
1
1
t ordt(v)
dA(t). (15.5)
Use the bounds of the order function 1/t < 1/ ordt(v) < 1/ log t and its derivatives
− 1
t2
<
d
dt
1
ordt(v)
< −1
t
, (15.6)
and Theorem 16.1, which gives )A(t)≪ x log−c(q,v) x, to estimate the integral:∫ ∞
1
1
t ordt(v)
dA(t) =
A(t)
t ordt(v)
−
∫ ∞
1
( −1
t2 ordt(v)
+
1
t
d
dt
1
ordt(v)
)
A(t)dt
≪ O
(
1
(log x)c(q,v)+1
)
+
∫ ∞
1
(
1
t2 log t
+
1
t
1
log t
)
t
logc(q,v) t
dt(15.7)
= O
(
1
(log x)c(q,v)
)
,
where c(q, v) > 1 is a constant. 
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15.3 An Estimate For The Series
∑
p ω(p)
The new result in Theorem 1.2 is used to sharpen the numerical evaluation of the series
∑
p≥2
1
ω(p)
≤ 0.9091 . . . , (15.8)
where ω(p) = ordp2(2). The above estimate was computed in [20]. Similar routines are
used here too.
Lemma 15.1. Let ω(p) = ordp2(2). Then
∑
p≥2
1
ω(p)
≤ 0.811049529055567378261719 . . . . (15.9)
Proof. Start substituting the data
(i) ordp2(2) = ordp(2) if 2
p−1 − 1 ≡ 0 mod p2, and
(ii) ordp2(2) = p ordp(2) if 2
p−1 − 1 6≡ 0 mod p2,
into the series:∑
p≥2
1
ω(p)
=
∑
p≥2
2p−1−1≡0 mod p2
1
ω(p)
+
∑
p≥2
2p−1−16≡0 mod p2
1
ω(p)
(15.10)
=
∑
p≥2
2p−1−1≡0 mod p2
1
ordp(2)
+
∑
p≥2
2p−1−16≡0 mod p2
1
p ordp(2)
.
Using ordp(2) ≥ log p/ log 2, the upper bound W2(x) ≤ 8 log log x, see Theorem 1.2, and
the numerical data in [20] and [13], set x = 7× 1015, the first subseries reduces to
∑
p≥2
2p−1−1≡0 mod p2
1
ordp(2)
=
∑
p≤1015
2p−1−1≡0 mod p2
1
ordp(2)
+
∑
p>1015
2p−1−1≡0 mod p2
1
ordp(2)
≤ 1
ord10932(2)
+
1
ord35112(2)
+
∑
p>1015
2p−1−1≡0 mod p2
log 2
log p
≤ 1
364
+
1
1755
+
∫ ∞
1015
log 2
log t
dW2(t)
≤ 1
364
+
1
1755
+
8c log 2 log log 1015
1015
≤ 0.2766564971799087434188077, (15.11)
where 0 < c ≤ 10 is a small constant. Fix a number x = 104, then the second subseries
reduces to∑
p≥2
2p−1−16≡0 mod p2
1
p ordp(2)
=
∑
p≤x
2p−1−16≡0 mod p2
1
p ordp(2)
+
∑
p>x
2p−1−16≡0 mod p2
1
p ordp(2)
≤ 0.5343930318756586348429114 . . . , (15.12)
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where the lower tail is computed by a computer algebra system:
∑
p≤x
1
p ordp(2)
= 0.3172457909240327210173469 . . . , (15.13)
and the upper tail is estimated by an integral approximation:
∑
p>x
log 2
p log p
≤ 2
log x
= 0.2171472409516259138255645 . . . , (15.14)

For very large x ≥ 1 the series is approximately
∑
p≥2
1
ω(p)
≤ .593902288103941464436155 + 2
log x
. (15.15)
Thus, the numerical value can be reduced to
∑
p≥2 1/ω(p) ≤ .624 by increasing x > 1050.
15.4 Problems
1. Given an arbitrary small number ε > 0 , use the upper bound ordn(v) < n of the
order modulo n to show that
∑
n≥2
1
n ordn(v)ε
≥ ζ(1+)
∏
p|v
(
1− 1
p1+ε
)
.
2. Evaluate the squarefree oprdr series
∑
n≤2
µ(n)2
n ordn(v)
≥ 6e
γ
π2
log log v +O(1).
3. Evaluate the limit
lim
m→∞
∑
n≥2
ordn(v)=m
1
n
= 0.
4. Evaluate the finite sum∑
m≤x
∑
n≥2
ordn(v)=m
1
n
= av log x+ o(log x),
where av is a constant.
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16 NonWieferich Primes
Let P = {2, 3, 5, 7, . . .} be the set of prime numbers, and let v ≥ 2 be a fixed integer. The
subsets of Wieferich primes and nonWieferich primes are defined by
Wv = {p ∈ P : vp−1 − 1 ≡ 0 mod p2} (16.1)
and
Wv = {p ∈ P : vp−1 − 1 6≡ 0 mod p2}
respectively. The set of primes P =Wv ∪Wv is a disjoint union of these subsets.
The subsets Wv and Wv have other descriptions by means of the orders ordp(v) = d |
p − 1 and ordp2(v) = pd 6= p of the base v in the cyclic group (Z/pZ)× and
(
Z/p2Z
)×
respectively. The order is defined by ordn(v) = min{m ≥ 1 : vm−1 − 1 ≡ 0 mod n}.
Specifically,
Wv =
{
p : ordp2(v) | p− 1
}
(16.2)
and
Wv =
{
p : ordp2(v) ∤ p− 1
}
.
For a large number x ≥ 1, the corresponding counting functions for the number of such
primes up to x are defined by
Wv(x) = #
{
p ≤ x : ordp2(v) | p− 1
}
(16.3)
and
W v(x) = π(x)−Wv(x),
where π(x) = #{p ≤ x} is the primes counting function, respectively.
Assuming the abc conjecture, several authors have proved that there are infinitely many
nonWieferich primes, see [51], [19], et alii. These results have lower bounds of the form
W v(x)≫ log x
log log x
(16.4)
or slightly better. In addition, assuming the Erdos binary additive conjecture, there is a
proof that the subset of nonWieferich primes has nonzero density. More precisely,
W v(x) ≥ c x
log x
(16.5)
where c > 0 is a constant, see [20, Theorem 1] for the details.
16.1 Result For Nonzero Density
Here, it is shown that the subset of nonWieferich primes has density 1 in the set of primes
unconditionally.
Theorem 16.1. Let v ≥ 2 be a small base, and let x ≥ 1 be a large number. Then, the
number of nonWieferich primes has the asymptotic formula
W v(x) =
x
log x
+O
(
x
log2 x
)
. (16.6)
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Proof. The upper boundWv(x) ≤ 4v log log x, confer Theorem 1.2, is used below to derive
a lower bound for the counting function
W v(x). This is as follows:
W v(x) = #
{
p ≤ x : ordp2(v) ∤ p− 1
}
= π(x)−Wv(x) (16.7)
≥ π(x)− 4v log log x
=
x
log x
+O
(
x
log2 x
)
,
where π(x) = #{p ≤ x} = x/ log x+O(x/ log2 x). 
Corollary 16.1. Almost every odd integer is a sum of a squarefree number and a power
of two.
Proof. Same as Theorem 1 in [20], but use the upper bound Wv(x) ≤ 4v log log x. 
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17 Generalizations
The concept of Wieferich primes extends in many different directions, see [55], [26].
Definition 17.1. An integer n ≥ 1 is a pseudoprime to base v ≥ 2 if the congruence
vn−1 ≡ 1 mod n holds.
Definition 17.2. An integer n ≥ 1 is a Carmichael number if the congruence vn−1 ≡
1 mod n holds for every v such that gcd(v, n) = 1.
Lemma 17.1. Every Carmichael number is squarefree and satisfies the followings prop-
erties.
(i) n = q1q2 · · · qt with q1, q2 < · · · < qt primes in increasing order.
(ii) qi ≤
√
n
(iii) q − 1 | n− 1 for every prime divisor q | n
Lemma 17.2. (Cipolla) Let n ≥ 3 be an integer, and let v ≥ 2 be a fixed integer. Then,
the congruence vn−1 ≡ 1 mod n has infinitely many solutions n ≥ 3.
A proof appears in [47, p. 125].
Definition 17.3. An integer n ≥ 1 is a Wieferich pseudoprime to base v ≥ 2 if the
congruence vn−1 ≡ 1 mod n2 holds.
Some information on the calculation of the constants cv for pseudoprimes is available in
[57].
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18 Counting Function For The Abel Numbers
The subset of integers Av = {n : ordn2(v) | λ(n)} associated with the base v ≥ 2 con-
gruence vλ(n) − 1 ≡ 0 mod n2. These numbers will be referred to as Abel numbers to
commemorate the earliest research on this topic, see [28], [48, p. 413]. The corresponding
counting function is defined by
Av(x) = # {n ≤ x : ordn2(v) | ϕ(n)} . (18.1)
The heuristic argument in [48, p. 413] is not conclusive, but claims something as
Av(x) ≈
∑
p≤x
1
p
≪ log x. (18.2)
18.1 Proof Of Theorem 18.1
Theorem 18.1. Let v ≥ 2 be a base, and let x ≥ 1 and z ≥ x be large numbers. Then,
the number of Abel numbers in the short interval [x, x+ z] has the asymptotic formula
Av(x+ z)−Av(x) = cv (log(x+ z)− log(x)) + Ev(x, z), (18.3)
where cv ≥ 0 is the correction factor, and Ev(x, z) is an error term.
Proof. Let x ≥ 1 be a large number, and fix an integer v ≥ 2. Consider the sum of the
characteristic function for the fixed element v of order ordn2(v) | ϕ(n) over the integers in
the short interval [x, x+ z]. Then
Av(x+ z)−Av(x) =
∑
x≤n≤x+z
Ψ0(n
2). (18.4)
Replacing the characteristic function, see Lemma 4.6, and expanding the difference equa-
tion (18.4) yield
∑
x≤n≤x+z
Ψ0(n
2) =
∑
x≤n≤x+z,
∑
d|λ(n),
∑
gcd(r,λ(n)/d)=1
1
ϕ(n2)
∑
0≤m<ϕ(n2)
e
i2pi(τnr−v)m
ϕ(n2)
=
∑
x≤n≤x+z
1
ϕ(n2)
∑
d|λ(n),
∑
gcd(r,λ(n)/d)=1
1
+
∑
x≤n≤x+z,
∑
d|λ(n),
∑
gcd(r,λ(n)/d)=1
1
ϕ(n2)
∑
1≤m<ϕ(n2)
e
i2pi(τnr−v)m
ϕ(n2) (18.5)
= Mv(x, z) + Ev(x, z).
The main term Mv(x, z) is determined by the index m = 0, and the error term Ev(x, z)
is determined by the range 1 ≤ m < ϕ(n2). Applying Lemma 7.1 to the main term and
applying Lemma 8.5 to the error term yield
Mv(x, z) + Ev(x, z) (18.6)
= av (log(x+ z)− log(x)) +O
(
1
log x
)
+O
(
z1/2
x1/2 log x
)
,
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Next, assuming that z = O(x) it reduces to
Av(x+ z)−Av(x) = av (log(x+ z)− g log(x)) +O
(
1
log x
)
, (18.7)
where av ≥ 0 is the density constant. 
The specific constant av ≥ 0 for a given fixed base v ≥ 2 is a problem in algebraic number
theory, see Theorem 10.1 for some details.
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